Abstract. The elastic scattering of positrons from beryllium and magnesium is studied by using a simple model potential to represent the interaction between the positron and target atoms. The model is tuned by adjusting the free parameters to reproduce previous predictions of the positron binding energies of the Bee + and Mge + ground states. An indication of the theoretical uncertainty in the derived phase shifts and cross sections is given by running a series of calculations with slightly different model potentials. The estimated scattering lengths are 16 a 0 and 7 a 0 for Be and Mg, respectively. The total cross section for positron-magnesium scattering constructed by adding the inelastic cross section computed with many-body perturbation theory to the present elastic cross section is broadly consistent with the experimental data.
Introduction
Although the positron-atom scattering problem has a superficial resemblance to the electronatom scattering problem, in reality the dynamics of the collision are completely different. This is because the positron has a positive charge and therefore a genuine rearrangement process, namely positronium formation, is possible. If the ionization energy of the atom, I , is greater than 6.8 eV, the positronium formation channel opens at an energy of I −6.80 eV, with the 6.80 eV being the binding energy of the positronium atom ground state.
The existence of this additional set of positronium channels leads to many additional complications in the computational solution of the close-coupling equations. These complications were so severe that it is only is the last five years that calculations of the close-coupling type (explicitly including the Ps channels) have become routine for the positron-hydrogen and positron-alkali atom systems [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] . The situation with respect to more complicated targets is less satisfactory. Apart from the many calculations on helium, most of the existing calculations on the rare gases or other atoms do not use models of the scattering process that take proper account of the positronium formation channels, although this is starting to change.
Just recently the question of whether it is possible for positrons to bind to atoms has been settled conclusively in the affirmative [11, 12] . So far, there is rigorous evidence that the Lie + and Bee + ground states are electronically stable [11, 13] . Furthermore, model potential calculations using ab initio Hartree-Fock wavefunctions for the core electrons have given convincing evidence that the ground states of Nae + , Mge + and Cue + are electronically stable [14] [15] [16] . Besides being of intrinsic importance, these results give us the opportunity of gaining insight into the physics of the positron-atom interaction with some relatively simple model potential calculations.
There has been previous theoretical work on the e + -Be and e + -Mg scattering problem. There have been two previous calculations of elastic scattering using the distorted-wave polarized orbital method [17, 18] . In addition, there has been an application of many-body perturbation theory (MBPT) to the e + -Mg system with particular emphasis on low-energy elastic scattering [19] . There has also been an application of the close-coupling (CC) method with the Mg I, 3s 2 1 S e , 3s3p 1 P o and Ps(1s), Ps(2s) and Ps(2p) channels included in the CC expansion [20] . The recent total cross section and positronium cross section measurements for magnesium give additional justification to the present calculation [21] .
In this paper, the elastic scattering of positrons from beryllium and magnesium is modelled using a central potential tuned to reproduce existing estimates of the Bee + and Mge + binding energies [13] . Cross sections and phase shifts for the elastic scattering of positrons from beryllium and magnesium are reported in the low-energy region below the first inelastic threshold.
Construction of the model potential
The present calculation could be reasonably categorized as a polarized orbital calculation. The interaction between the positron and target atom is broken into two components.
First of all there are the static interactions between the target atoms and the free positron. These are computed from the direct interaction with the Hartree-Fock wavefunctions for the Be 1s 2 2s 2 and Mg 1s 2 2s 2 2p 6 3s 2 ground states. The wavefunctions used for the present computation were computed with a Hartree-Fock program written by one of the authors [22] .
The specification of the polarization potential is more problematical and subject to a larger degree of uncertainty. There are a number of ab initio techniques for the inclusion of the polarization potential. For instance, it is possible to solve a pair of coupled DiracFock equations, as was done in a previous work on positron scattering from the alkaline earths [18] . An alternative approach, and one that is often done in the context of bound state calculations, is to use a semi-empirical polarization potential. Unfortunately, this is sometimes difficult to do in the context of a scattering calculation, since there are often no hard experimental data which can be used to fix the adjustable parameters. However, this is no longer the case for beryllium and magnesium, since the computed positron binding energies for these atoms can be used to fix the form of the polarization potential. This ability to tune the polarization potential to reproduce the binding energy distinguishes the present calculation from previous calculations of this type and enhances the reliability of predicted cross sections. Binding energies for Be and Mg have been computed in two different variants of the fixed-core stochastic variational method (FCSVM) [13] [14] [15] . In the FCSVM, the core potential for the active valence electrons and positron consists of the static direct and static exchange potential computed with an HF wavefunction for the core. The FCSVM pol adds in the effects of the core polarization through a set of semi-empirical oneand two-body polarization potentials. The FCSVM pol model is expected to yield the more accurate binding energies, and this has been seen to be the case for every neutral atom, negative ion or positronic atom studied so far [13] [14] [15] [16] .
The binding energy of the Bee + ground state in the FCSVM pol model was 0.002 78 Hartree. The binding energy of the Mge + ground state in the FCSVM pol model was 0.013 69 Hartree. The Bee + energy is expected to be converged to an accuracy of ±0.0003 Hartree. The convergence of the Mge + binding energy is more difficult to ascertain due to the very slow convergence of the FCSVM pol wavefunction, but an estimate of ±0.0015 Hartree seems realistic.
It is known that the long-range form of the polarization potential is
. In this equation, α d is the dipole polarizability and the cut-off function g(r) → 1 as r → ∞. The purpose of the cut-off function is to ensure that the polarization potential does not diverge at the origin. A number of different forms have been adopted for the cut-off function by a number of different authors. There is really no a priori reason why one form for the cut-off function is preferable to any other form. Accordingly, the view has been taken that it is probably worthwhile to perform a cohort of calculations with a variety of different cut-off functions. Performing a series of calculations gives us an indication of the sensitivity of the predicted cross section to small changes in the short-range behaviour of the polarization potential. The three different polarization potentials adopted were
The polarizabilities of Be and Mg are not known exactly, although they have been the subject of many calculations [23, 24] . The dipole polarizability for Be has been taken to be 38 a One aspect of the polarization potential is that the semi-empirical determination automatically takes into account a number of effects besides those resulting from the dipole polarization of the target. For example, the adjustment of the short-range part of the potential Table 1 . Values of ρ, the binding energies (in Hartree), spin-averaged annihilation rates ( in 10 9 s −1 ), the expectation of the positron-nucleus distance r p (in a 0 ) for the different models of the Bee + and Mge + ground states. The scattering length (A in a 0 ) for positron scattering is given in the rightmost column. will implicitly include the influence of higher-order polarization potentials as well as the short-range correlation potential arising from virtual positronium formation. In effect, the adjustment of the tuning parameter to fit the binding energy can be regarded as being roughly akin to adding an arbitrary short-range term to the potential. We estimated the effects that short-range effects would have on the cross section by running calculations with a number of different cut-off functions. The effect the different polarization potentials have on the total positron potential can be gauged from figures 1 and 2. The total positron potential derived from the P 1 potential has a substantially different shape from the potentials derived from the P 2 and P 3 potentials.
The sensitivity of the model calculation predictions to slightly different values of the binding energy has also been checked. The calculations with the polarization potential P 1 (r) were repeated for the values of ρ tuned to a different binding energy. These potentials are called the P * 1 potentials.
Single-particle model of the Bee
+ and Mge + ground states
The binding energies, the spin-averaged 2γ annihilation rate 2γ , and the expectation of the positron-nucleus distance r p , for the slightly different model potentials are listed in table 1. It is immediately obvious that the model potential predictions of the annihilation rates of the Bee + and Mge + ground states were a gross underestimate of the FCSVM pol rates, while the predictions of r p are much more reliable. While the model potential includes effects due to polarization, no consideration is given to the electron-positron correlations that can result in the formation of a positronium cluster. We believe that the absence of virtual Ps formation was responsible for model potential predictions of the 2γ annihilation rate being much too small. This result has obvious implications for the interpretation of positron annihilation spectroscopy. It is known that experimental annihilation rates [25] [26] [27] [28] [29] of positrons (i.e. Z eff ) in the heavier rare gases exceed some of the theoretical predictions when virtual Ps formation is not included in the reaction model [30] [31] [32] [33] [34] . More refined MBPT calculations [35] have shown that the formation of virtual positronium clusters will lead to an increased annihilation rate. The present results are certainly supportive of the idea that any predictions of the positron annihilation coefficient, Z eff , are likely to be underestimated unless some mechanism for incorporating the formation of Ps clusters is part of the calculation.
Another interesting feature was the variation in between the different models. There was a factor of two difference between the largest and smallest values of for Be. The variation in was even more pronounced for Mg with a factor of three difference between the smallest and largest estimates. The susceptibility of the annihilation rates to the changes in the positron wavefunction implies that the annihilation rate is a very sensitive test of the wavefunction.
The scattering lengths, cross sections and phase shifts
The scattering length for all the different model polarization potentials for Be and Mg are listed in table 1. The three models give scattering lengths for positron-beryllium that are within 5%, with the mean value for the scattering length being 16.2 a −1 0 . The close agreement in the scattering lengths for three different potential wells that have major differences in shape implies that our scattering length should be reasonably reliable. Further support for this view is given by the calculation with the P * 1 potential tuned to give a binding energy of 0.0030 Hartree. The resulting decrease in scattering length was less than 5%. This is expected since a shallow potential well that just supports a bound state has a scattering length given by A ≈ [2 ] −1/2 (in atomic units). The phase shifts for Be depicted in figure 3 are more sensitive to changes in the potentials than are the scattering lengths. The different partial waves are sensitive to different regions of the polarization potentials and the effect is magnified as the energy increases. The P * 1 potential, tuned to the different binding energy, resulted in phase shifts that were marginally different over the momentum range from threshold to 0.8 a
0 . The variations in the phase shifts associated with the different functional forms of the polarization potentials were much larger. This was expected since the positron wavefunction is influenced by different regions of the polarization potential as the energy and angular momentum change. However, the net effect of these different phase shifts on the elastic e + -Be cross section depicted in figure 4 was not that large, partly due to some fortuitous cancellations in the cross section differences for the different partial waves. It goes without saying that the predicted cross sections are most reliable at the lowest energies below the positronium formation and atomic excitation thresholds.
Elastic scattering of e
+ from Be and Mg 4455 The variation amongst the different model predictions of scattering lengths for Mg was reminiscent of the situation for Be. The variation between the smallest and largest scattering lengths for the present calculation was under 10%. The smaller scattering length (4.2 a 0 ) of the MBPT calculation [19] is a reflection of the stronger correlation-polarization potential, which also manifests itself in a larger binding energy.
The phase shifts and cross sections for magnesium shown in figures 5 and 6 are much more sensitive to the specific form of the polarization potential with large variations visible in both the phase shifts and cross sections. While there are large differences in the s-wave phase shifts at the higher momenta, the convergence of all three curves to a common curve at the lowest energy gives additional confidence in the derived scattering lengths. The pwave of the positron is clearly able to distinguish between the two types of potential well, the long-distance well of the P 1 potential and the shorter distance well of the P 2 and P 3 potentials. For reasons of brevity we do not show the phase shifts for the higher partial waves, however, their variations with momentum are broadly similar to the p-wave phase shift. The phase shifts for the p-, d-and f-waves computed with the P 1 potentials all increase faster near threshold (than the P 2 and P 3 phase shifts) and have a higher peak value.
The MBPT phase shifts for magnesium of Gribakin and King [19] are quite different from the present phase shifts. The stronger correlation-polarization potential reveals itself in an s-wave phase shift that decreases much less rapidly as momentum increases. The MBPT p-wave phase shift also bears almost no relationship with our p-wave phase shift. Since the MBPT calculation predicts a 2 P o bound state, the large discrepancy with the present calculation was expected. The MBPT calculation also predicts a d-wave shape resonance near k = 0.25 a −1 0 which was not seen in any of our calculations. In summary, there are major differences between the MBPT and the present calculations. Given the reliability of the FCSVM pol prediction of the positron-magnesium binding energy [13] , it is almost impossible to avoid the conclusion that the MBPT calculation exaggerates the strength of the correlation-polarization potential.
The total cross sections for positron scattering from Mg shown in figure 7 were computed by adding the MBPT inelastic cross sections [19] to the present elastic cross section. In order to avoid giving the figure a cluttered appearance, the cross section computed with the P 3 potential was omitted due to its similarity with the P 2 cross section. While the reasonable agreement of this cross section with the experimental data [21] is pleasing, not too much should be deduced from the agreement above the inelastic thresholds where the elastic cross section would undoubtedly be affected by absorptive scattering. The best interpretation of the situation is that the comparison with experiment does not invalidate the present semi-empirical elastic cross section.
Conclusions
The scattering length, phase shifts and cross sections for positron scattering from Be and Mg have been obtained using a polarized orbital model with the polarization potential determined by a semi-empirical technique. The degree of agreement between the different model calculations for the scattering lengths suggests that scattering lengths for beryllium and magnesium are probably accurate to about ±10%. The present estimates for the scattering length will be a valuable check on future more sophisticated calculations on these atoms.
The uncertainty in the present set of cross sections grows with increasing energy as the differences between the different model calculations gets larger. These differences in the cross sections are the direct result of using a semi-empirical polarization potential which is not well defined at small distances. In spite of this, the present calculations probably provide the most reliable low-energy cross sections published for these atoms. The total cross sections derived from the present set of cross sections are broadly consistent with the experimental data of the Detroit group.
